We study the phenomenon of spatiotemporal stochastic resonance (STSR) in a chain of diffusively coupled bistable oscillators. In particular, we examine the situation in which the global STSR response is controlled by a locally applied signal and reveal a wave front propagation. In order to deepen the understanding of the system dynamics, we introduce, on the time scale of STSR, the study of the effective statistical renormalization of a generic lattice system. Using this technique we provide a new criterion for STSR, and predict and observe numerically a bifurcation-like behaviour that reflects the difference between the most probable value of the local quasi-equilibrium density and its mean value. Our results, tested with a chain of nonlinear oscillators, appear to possess some universal qualities and may stimulate a deeper search for more generic phenomena.
Since the appearance of [1] the phenomenon of stochastic resonance (SR) has become a popular field of research. A great deal of experimental as well as theoretical and mathematical work has been devoted to the study of the phenomenon in different systems (for reviews, see [2, 3, 4, 5] ). There has been a particular emphasis of its relevance and importance in biology and medicine [6] where noise in general, and SR in particular, play a surprisingly constructive role [7] . The ability of SR to generate order from disorder [2, 3, 4, 5, 6, 7] is especially of relevance in the context of pattern formation mechanisms that are enhanced by noise [8] . The discovery of an enhancement of the effect by the coupling of nonlinear oscillators into an array [9, 10] has brought new insight to studies of SR. This effect in a wide sense is known as spatiotemporal SR (STSR) [4] . An explanation of this effect has previously been described as "collective spatiotemporal motion" and "optimal spatiotemporal synchronization". In spite of much progress, the precise kinetic details of such a synchronization remain without an appropriate study.
We conjecture that among the kinetic details of STSR, wave front propagation plays a prominent role ( [11, 12] are good background references in this regard). We investigate the related problem of inducing and controlling global spatiotemporal order in a chain of diffusively-coupled bistable oscillators by a locally applied signal. The ability to induce STSR throughout the chain by applying a local signal to a small part of the chain is precisely shown. This can be regarded as an element of a spatial signal transmission, and possibly gives a new design freedom to modelling biological and biomedical problems. We also investigate the effective statistical renormalization of the steady states of a generic lattice system [24] .
This renormalization reflects the difference between the most probable and mean values of the local quasi-equilibrium density which is a result of time averaging [25] . This leads to a new observation that the system, on the time scale of STSR, exhibits a bifurcation-like behaviour. It also gives a criterion for the noise intensity depending on the coupling in the chain. Both our results appear to have a certain universal quality and may stimulate a deeper search for generic phenomena, e.g. in a chain of FitzHugh-Nagumo equations [15] .
Consider a chain of overdamped oscillators with diffusive coupling of constant K > 0 and a bistable on-site potential V (y) = −my 2 /2 + y 4 /4. We assume that the system is influenced both by external random noise of intensity D, which involves a set of independent generalized Gaussian random processes {ξ n (t)} with two characteristic cumulants, ξ n (t) = 0 and ξ m (t)ξ n (t ′ ) = δ mn δ (t − t ′ ), and a deterministic signal S(t) applied locally to a part of the chain, S T r (in our case T r ∼ (2m) −1 ∼ 1); the waiting time of the initial birth of an "instanton",
-here we do not explicitly consider this timescale but, fortunately, there are in-depth studies of the problem [11, 16, 17] (a posteriori one can say that T K is considerably shorter than the principal timescale here) and also the timescale related to any wave-front propagation in the chain, T w .
The corresponding chain stochastic differential equation (SDE) in dimensionless variables has the form,ẏ
with n on the chain N in the integer lattice Z, n ∈ N = {1, . . . , k+1, . . . , k+M, . . . , N}, M k = {k + 1, k + 2, . . . , k + M} , 0 M N; and ∆y i ≡ y i+1 −2y i +y i−1 . Two different topologies are possible for the chain: either the ends are connected or not connected. We take the latter case with Neumann boundary condition.
The corresponding physical context of (1) is in the Smoluchowski kinetics of a harmonically coupled chain of particles with transverse displacements {y n }. The underlying free energy functional and the corresponding deterministic part of the dynamics, without signal, are:
considerably facilitate the understanding of the dynamic behaviour of (1). Especially since even diffusively-coupled, chain oscillators appear surprisingly difficult to analyse consistently from a rigorous mathematical perspective [18] .
We study a spatially discrete model because chains or array structures are often of relevance in biology. Besides biology there are also crystal lattices [17] . Moreover interesting dynamical effects exist in discrete models that are not present in their continuous analogse.g. the propagation failure of travelling waves [18] , and breathers [19] . Even in population dynamics it was recently demonstrated that important effects due to the discrete nature of organisms may be entirely missed by continuous models [20] .
To introduce induced STSR phenomena, we first present a representative numerical sim-ulation of (1) The generic features of STSR, i.e. those related to a diffusively coupled chain of bistable oscillators, have reasonable prototypes going back as far as the pioneering paper [9] . The main result from [9] is that, for transition times, only the energy of the unstable instantonlike spatially inhomogeneous steady state solutions, and not the total energy barrier for the chain, is of importance cf. [21] . However, in fact, there has been no discussion at all of the transition kinetics, which appear after the birth of the "instantons".
The transition kinetics are most likely related to, but different from, another interesting phenomenon -travelling waves [18] . It is evident from the physical interpretation of (1) , that a travelling wave solution can appear only if the symmetry of the bistable potential is broken and there is an energy gap between the two stable states, and the energy flux is compensated for by dissipative forces. This is not the case for the deterministic part of (1) with A = 0.
However, if A = 0 then the external signal periodically breaks the symmetry and creates an absolute minimum at one of the wells of the underlying potential, and a travelling wave front can develop on a sufficiently long timescale T s . The situation changes favourably in the case of a chain because the translational symmetry is broken. With the chain, starting from the physical interpretation above, we can imagine an unstable instanton-like steady state solution [9] . Its characteristic lifetime introduces a new time scale that is required to be shorter than T s for the continued existence of the induced STSR effect. Our numerical simulations justify a posteriori that this condition is perfectly realizable.
Once the underlying kinetic mechanisms of STSR are understood, we can explore other interesting features. Here we focus on one that has been overlooked in previous studies, viz.
the shift of the stable spatially homogeneous steady states.
Let us consider the specific lattice SDĖ
and evolve the optimal Gaussian representation of this equation (extending [22] to the case of a lattice system as a starting point for further analysis; alternatively one can start with an averaging principle [21] ),
where a i and b i are obtained by a minimization procedure in respect of the mean-square
2 for all i ∈ Z, where δy i = y i − y i . The representation (3) of (2) is especially appropriate since the ex ante fluctuations are almost Gaussian near the stable steady states and typical exit paths of (2). On the timescale T s the internal deterministic and random oscillations are very fast and can be considered adiabatically following with the external signal.
To actually obtain a i and b i , which is an intractable problem since it requires the exact solution of (2), we consider a self-consistent approximation scheme combining the minimization of J together with the solution of (3). Thus we replace averaging according to (2) by its Gaussian approximation according to (3),ȳ = y Gaussian = y . As a result, we obtain the self-consistent setẏ
Further, using the Furutsu-Novikov formula [23, and references] we explicitly obtain
Lastly we consider the principal problem of an explicit calculation of K 2 (y i ) and solve it under certain hypotheses. Consider the spatial correlations, κ mn (t) = δy m (t)δy n (t) and suppose that the fluctuations tend to their steady state via a stage of spatial homogenization with the ansatz κ mn (t) = κ m−n (t) = κ r (t). The known equilibrium solution of (2) has time to form a local quasi-equilibrium density that reflects the local asymmetry of the underline potential. As t → +∞, a sum of the local densities is formed to satisfy the global symmetry condition. Under a high level of noise, the rate of passage from one trough to the other is frequent enough in order to rapidly form the mean value y = 0. The qualitative picture described above is linked to the particular time scale of the problem in question.
Favourably for the ansatz, we are interested in averaging over a time scale about T s that becomes apparent in the local quasi-equilibrium density. Test numerical simulations are also essential in order to reinforce the ansatz.
Using (5) together with the Furutsu-Novikov formula, we obtain a dynamical equation for κ r (t):κ r = 2K∆κ r − 2b(t)κ r + 2Dδ r0 , r ∈ Z, -and as a result, the equation for the steady state correlation function, K∆κ r − bκ r + Dδ r0 = 0, r ∈ Z , with the natural asymptotic conditions lim r→±∞ κ r = 0; b is still unknown. Substituting κ r = A · t −|r| , t > 1, we obtain the set of algebraic equations, corresponding to r = 0 and r ≥ 1 : roots, t ± = (2K)
, connected by the relation, t + · t − = 1. Since t ≡ t + > 1, this means that t − = t −1 < 1. Therefore finally we obtain
In 2 ) from this set, we arrive at two cases:
Observe first that while (a) always givesȳ = 0 and κ 0 ≥ m/3, the set (b) has no real rootsȳ (κ 0 > 0) for a certain range of values of D and K (see Fig. 3 ). In other words, the stable steady states disappear and onlyȳ = 0 remains in this range. We could claim that this occurs with a bifurcation-like behaviour. To identify this observation, we carry out numerical experiments on the system (1) varying the noise intensity D over a wide range.
The response to the external signal provides evidence of the effect as shown in Fig. 4 , which is enhanced further with larger N. In the case (c) the stochastic resonance pattern, adjusted for the renormalization, is recognizable, but in the case (a) only simple oscillations with the frequency of the external signal are visible aroundȳ = 0.
To further understanding of this observation, one can consider the equilibrium probability density of (2). As D ↓ 0, ρ ∞ (y) is concentrated at two spatially-homogeneous absolute This work has been partially supported by research grants of the Royal Society of London
